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1. Find the minimize of ) x; subjectto Y x? <1 or ) (x +1)* <1.

i=1 i=1 i=1

2. Let xeRP be a nonzero vector.
(a)Derive the largest eigenvalue of the matrix !2:( I, erxT)fl and its cor-

responding eigenvector, where |, denotes the nxn identity matrix.
(b)Express an explicit expression for Q in terms of x.

3. Find the value of p, for which the following limits exist.
(a) lim xPsin (b) lim xPsin =
x—0* X X—>00 X
4. For A=(a;)eR™ , the vectorization operator vec(') is defined by
VeC(A) = (811, ", By 1Bagr* *+Bimss2s s+ Apg) € R™

Show that tr(AA") = 2vec(A)

ovec(A)
In addition, for B =(b;) e R™ , the Kronecker product A®B is defined as
aB a,B - a,B

aB a,B - a,B

A®B = e R"™M

a,B a,B --- a,B
Show that vec(AB) = (I, ® A)vec(B).

5. Calculate the following limits.

b by SinX
(@) tIﬂ}ojoe sin xdx for y>0. (b) t!mo.[oe . dx for y>0.
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6. Let matrix AeR™ be a skew-symmetric, that is A" =—A . Show that

det(A) =0 if nisodd. What if niseven?

7. Let f be a positive continuous function in [0,1]. Let M denote the maximum

value of f on [0,1]. Calculate the following limit.

m{ﬁ(%]”dx}%

3§

1.
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2. XeRP
(a)Q:(Ip+xxT)_1
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» Calculus

2 X

tan“—
1. Find the limit for Iim(csc%} =7

X—>71

J’_
0| \n2 41 /n? + 22 \Jn? +n?

2. Find the limit for Iim[ il i +-.-+L+j:?

3. Find the slope of the tangent line to the curve
2, .2\ 2 D o’ X :
2(x +y ) + (X —1):25(x -y )+2 at point (3,1).

ar

4+e"

4. Find the indefinite integral I dx=?

5. Find the definite integral J.:jOJl:XeXz*yz dydx =?

— ~ Linear Algebra

1. Suppose x and y are two linear independent vectors in R", and let U be the
span of x and y, that is U =span{x,y} . Let A=xy" +yx'
Prove that the null space N(A) is orthogonal to U, meaning every v in N(A) is
orthogonal to every w in U.
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2. Let A be an mxn matrix with independent columns, and let A = QR be its QR
factorization. The orthogonal projection of any vector be R™ onto the column

space of A can be represented by x = Pb, where P is the projection matrix and
x € Col(A) as shown in Figure 1.

(a)Show that P =QQ".
(b)Let Q=[q, g, --- q,]. Show that x can be written as a linear combi-

nation of qi, g»,-+*,g, and represented by
x=(agb)a, + (A% Ja ,+---+ (aib J,-

Figure 1: Col(4) denotes the column space of 4.

3. Let L: R°— R? denote the mapping of a vector x onto its orthogonal projec-
tion on a line ¢ passing through the origin, which forms an angle 6 with the x-

axis as shown in Figure 2. Let A be the matrix that corresponds to this map-
ping, i.e., L(xX) = Ax. Find A by each method below.

(@)Method 1: According to the formula A=[L(e,) L(e,)], where e, = [ﬂ

and e, = {ﬂ , A is obtained by evaluating the mappings on the standard ba-

sis vectors e; and e,.
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(b)Method 2 : Perform a sequential linear transformation
L(xX)=L,oL,oL ,(x) asdescribed below:
(i)First, apply L_, as clockwise rotation about the origin by @ radians. De-
termine A; such that L ,(x) = A x.

(i)Next, carry out L, as an orthogonal projection of any vector x onto the x-
axis. determine A, such that | (x) = A,x-

(iii)Finally, execute a counterclockwise rotation L,. Determine A; such that
L, (X) = AgX - Calculate A = A;AA;. (The result should match the an-

swer given in part(a).)

Y-axis .

Figure 2: Project x onto the /ine [ that forms an

angle @ with the X-axis.



115-38 fRET ~ BV FT

= % §

~ Calculus
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X—>7 2

X
. X tanzi tanzgln[cscg]
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